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1. INTRODUCTION 
Denote by F a multifunction from an open set 52 c (w x E (E a Banach 
space) to the space .X,(E) of all nonempty bounded closed subsets of E, 
endowed with the Pompeiu-Hausdorff metric. As is well known, if E is 
infinite dimensional and F merely continuous, then the Cauchy problem 
i E F( t, x), (1.1) 
does not necessarily have solutions [9]. In the existing literature concern- 
ing the Cauchy problem (1.1) in a Banach space most existence theorems 
are obtained under some additional hypothesis of compactness type on F 
[2, 5, 12, 14, 161. 
In this paper the existence of solutions for the Cauchy problem (1.1) will 
be proved under hypotheses on F that exclude compactness entirely. In fact 
we shall suppose that for each (t, X) E Q the closed convex hull of F(t, x) 
has a nonempty interior. If, in addition, the multifunction F: l2 --, X,(E) is 
continuous and the Banach space E is reflexive and separable, then we 
prove that the Cauchy problem (1 .l ) has solutions. 
Our approach rests ultimately on an appropriate use of the Baire 
category theorem. Following a method introduced by Cellina [4] and 
developed in [6, 151, we associate with (1.1) the Cauchy problem 
.teCO F(t, x), x(LJ = *ho, (1.2) 
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and we construct a nonempty set 9’” of solutions of (1.2) that is complete 
under the metric of the uniform convergence. Next we prove that the set $5. 
of all x E V which are solutions of (1.1) is a residual subset of “#‘” (that 
is,Y\Vi is of Baire first category in V). Since Y is complete, “y^F is dense 
in V. Therefore %$ is nonempty and the Cauchy problem (1.1) has 
solutions. 
This existence theorem for (1 .l ) is actually new only when the Banach 
space E is infinite dimensional. In finite dimensional spaces the existence of 
solutions for ( 1.1) has been established, under weaker hypotheses on F, by 
Filippov [S] (see also [l, 10, 111). 
The paper consists of seven sections (with the Introduction). Notations 
and definitions are contained in Section 2. In Section 3 we prove our main 
result (Theorem 3.3) concerning the existence of solutions for the Cauchy 
problem (1.1). The proof depends on certain auxiliary results, which we 
establish in Sections 4 and 5, and on two technical theorems (Theorem 3.1 
and Theorem 3.2) which are proved in Sections 6 and 7. 
2. NOTATIONS AND DEFINITIONS 
Throughout the paper E denotes a reflexive separable infinite dimen- 
sional real Banach space, with norm /I. 11. We let S= (xe El llxll < 1 }. 
For X, Y nonempty bounded subsets of E we put h(X, Y) = 
inf{A>O(Xc Y+lS, YcX+nS}. As it is well known [3, p.381, h is a 
pseudometric on the space of the nonempty bounded subsets of E; h is 
actually a metric (the Pompeiu-Hausdorff metric) when it is restricted to 
the space of the nonempty bounded closed subsets of E. 
Let X be a subset of a metric space 3E. By x, int X, 8X we denote respec- 
tively the closure, the interior, and the boundary of X. Furthermore, 
diam X stands for the diameter of X (X# @). For each u E X and r > 0, 
S(U, r) denotes the open ball around u with radius r > 0. If X is a subset of 
a normed space, the convex hull and the closed convex hull of X are 
denoted by co X and Zi5 X, respectively. 
Let 2” denote the family of all nonempty subsets of E. We shall consider 
the following subfamilies of 2E: 
X(E)={X~2”]XisboundedwithintWX#@}, 
X,(E) = { XE 2E 1 X is bounded closed with int W X # 0 1, 
X,,(E) = { XE 2” I X is bounded closed convex with int X# 0}. 
The spaces Xc(E) and Xc,(E) (resp. X(E)) are assumed to be endowed 
with the Pompeiu-Hausdorff metric (resp. pseudometric) h. 
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For any X, YE 2” we set or(X, Y) = inf{ I/x - yIJ 1 x E X, YE Y). 
Let X be any subset (perhaps empty) of E. We define the inradius p(X) 
of X by 
if int X= 0 
sup{ ,I > 0 ) there exists x E X such that S(x, 1) c X>, otherwise. 
Let C be any open ball in E. For each XE X(E) and each u E CO X, we 
define 
Yc(4 w = 
i 
0, ifCnEGX=@ 
SUP{lE[O, l]IuE~(Cn~X)+(l--)~-dX), otherwise, 
(2.1) 
and 
d,(u,X)=cr(C,X).8(CncoX).y.(u,X). (2.2) 
For fixed C, (2.2) defines a nonnegative function d, with domain the set 
{(u, X) E E x X(E) 1 XE X(E) and u EEL X}. This function will play a 
crucial role in the sequel. The statements contained in the following remark 
follow immediately from the definition of dc. 
Remark 2.1. Let C be an open ball in E. Let XE X(E). Then for each 
u E Co X we have d,.( u, X) = dc( u, X), and 
d,.(u, X) < (diam X)‘. (2.3) 
Moreover, d,(u, X) > 0 for every u E C n Co X, provided that a( C, X) > 0 
and j(CnwX)>O. 
To mean that a sequence {x,} c E converges trongly (resp. weakly) to 
x E E we use the symbol x,, -+ x (resp. x, +w x). 
Let A be a nonempty convex subset of E. A point X~E A is called a 
strongly exposed point of A if there is a continuous linear functional 
f: E + R such that (i) f(x) <f(x,) for every XE A, x #x0, and (ii) 
f(x,) +,f(xo) with {x,,} c A implies x, -+x0. We denote by exp A the set 
of the exposed points of A. Note that exp A c ext A, where ext A is the set 
of the extreme points of A. 
For any subset J of R, xJ stands for the characteristic function of J. The 
Lebesgue measure of J is denoted by m(J). If J is a bounded interval, IJJ 
denotes its length. 
In the sequel, the Banach space R x E is always supposed to be endowed 
with the norm max{ It], llxll }. (t, X)E R x E. 
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3. THE EXISTENCE THEOREM 
In this section we present the proof of our main result (Theorem 3.3 
below) concerning the existence of solutions for the Cauchy problem (1.1). 
Suppose that: 
(i) F is a continuous multifunction from 52 = [to, T,] x S(x,, r) c 
RxE (T,>t,,r>O) to Xc(E); 
(ii) F is bounded, that is, there is a constant A4 (M> 1) such that 
h(F(t, x), 0) < A4 for every (t, x) E a. 
Let us associate with F the multifunction Q: Sz + X=,(E) defined by 
Q(t,x)=CBF(t,x), (t, X)EQ. 
We shall consider the following Cauchy problems: 
ii-~F(t,x), x(to) =x0 (3.1) 
JC E Q(c xl, x(to) =x0 (3.2) 
,? E int Q(t, x), x(t,) =x0. (3.3) 
By a solution of (3.1) we mean’ an absolutely continuous function 
x: [to, T]-+E (T>t,), with x(2,)=x,, satisfying i(t)~F(t,x(t)) for a.a. 
tE [to, 7-I. 
By a polygonal solution of (3.1) we mean a solution of (3.1) with the 
following property: there exists a countable family {Z,} of nonempty 
pairwise disjoint open intervals Z, c [to, T], with m( [to, T] \U, I,) = 0, 
such that x has constant derivative on each interval Z, and satisfies 
i(t)~F(t,x(t)), for every tEUyZq. 
For the Cauchy problems (3.2) (3.3) solutions and polygonal solutions 
are defined analogously. 
Let f: Sz + E be a continuous function such that f(t, X) E int Q( t, x) for 
every (t, x)~s2 (see [7, Remark 3.101). For each Odsd 1, put 
Q,(c x)=f(h x)+sCQ(t, x)-f(t, x)1, (t, x) E i-2. (3.4) 
If 0 <s < 1 the multifunction Q, defined by (3.4) takes on its values in 
Xc,(E), is continuous, and satisfies Zz(Q,(t, x), 0) < A4 for every (t, x) E R. 
Then, as in [6, Proposition 2.11, it can be proved that the Cauchy problem 
i E Qs(t, XL x(to) =x0 (3.5) 
has polygonal solutions defined on the interval [to, 7’1, where 0 < T- to 6 
mint To- t,, r/M}. Since each solution of (3.5), with 0 <<s < 1, is also a 
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solution of (3.3) it follows that the Cauchy problem (3.3) has polygonal 
solutions defined on [to, T]. 
Set I= [to, T]. Let 
vo= {x:Z+El x is a polygonal solution of (3.3)). 
Observe that V0 is nonempty. Define 
where the closure is taken in the Banach space C(Z, E) of the continuous 
functions x: I+ E with the norm of the uniform convergence. Since E is 
reflexive and Q: Sz -+ X&(E) continuous, as in [6, Proposition 2.11, one 
proves that each x E V is solution of (3.2). Therefore Y” is a nonempty 
closed subset of the Banach space C(Z, E) and so, under the metric of the 
uniform convergence, Y is a complete metric space. Let 
?$= {xEY(x is solution of (3.1)). 
Our ultimate goal is to show that VP is nonempty. To this end we prove a 
stronger result stating that “y^F is a residual subset of V. 
For each open ball Cc E and each 0 > 0, define 
%c,,= XEV- 
1 I,:, I, 
d&(t),F(t,x(t)))dt<a .
I (3.6) 
Remark 3.1. From assumption (ii) on F and (2.3) it follows that each 
x E V satisfies 
dc(f(t), F(t, x(t)))<4M2 for a.a. t E I. 
Moreover, the function on the left-hand side of the inequality above is 
measurable (see Lemma 5.1), thus the definition of %c,, is meaningful. 
THEOREM 3.1. Let F satisfy (i), (ii). Then, for each open ball Cc E and 
each o > 0, the set qc., is open in V. 
THEOREM 3.2. Let F satisfy (i), (ii). Then, for each open ball Cc E and 
each a > 0, the set @,-, is dense in V. 
The proof of Theorems 3.1 and 3.2 are lengthy and are postponed. With 
the help of these theorems we are ready to prove our main result, that is, 
the following: 
THEOREM 3.3. Let F satisfy (i), (ii) (with E a reflexive separable infinite 
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dimensional real Banach space). Then the Cauchy problem (3.1) has at least 
one solution. 
Proof: Denote by {(ti, xi)}rEl c Ix E a denumerable set dense in Z x E. 
For each iE S, denote by { zii}jG .I, c int Q( ti, xi) a denumerable set dense 
in int Q( ti, xi). For given i E 9, j E A, and r E Q + (Q + the set of the strictly 
positive rational numbers) put C,, = zii + rS. For i E 9, jE 4, r E Q +, and 
s E N define 
By Theorems 3.1 and 3.2, each %& is an open dense subset of Y. Since, in 
addition, the family { aG,,} is denumerable, it follows that the set 
a!* = n (7 n n %ips 
it.@ jt.9, rt?d9+ seN 
is residual in Y. We claim that 
42!* c Y,k. (3.7) 
In order to prove (3.7) let XE%* and suppose, for a contradiction, that 
x+! Y& Then there is a measurable set Jc Z, with m(J) > 0, such that 
a(i(t), F(t,x(t)))>O for each tEJ. Since .k(t)~Q(t,x(t)) for a.a. tel by 
removing, if necessary, a subset of J of measure zero, we may assume 
without loss of generality that 
i.(t) E ect, x(t)) for every t E J. (3.8) 
By Vitali and Lusin’s theorem, there exists a compact set J, cJ, with 
m(J,) > 0, such that the restriction of i to J, is continuous. Consequently, 
for some f3 > 0, we have 
4qt), F(t, x(t))) > 8 for every t E 1,. (3.9) 
Let z E J, be a point of density of Jr. Since {(ti, x~)}~,,, is dense in Ix E 
and F is continuous, there exists an i E .a such that h(F(ti, xi), 
F(r, x(t))) < 0/4 and so, a fortiori, h(Q(tj, xi), Q(r, x(r))) < e/4. This 
inequality and $7) E Q(r, x(7)) imply a(i(7), Q(t,, xi)) < 8/4. On the other 
hand, the set {z~~},~,/, is dense in int Q(ti, xi), thus there exists a j~4 for 
which 
lb,-47)ll<$. 
505/66/2-S 
(3.10) 
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Set C, = zii + rS, where r E Q + satisfies ~Iz,~ - i(z)11 < r < l3/4. Since i(r) lies 
in the open set C,, i is continuous on J, , and r E J, is a point of density of 
J,, there exists a set J, c J, containing T, with m(J,) > 0, such that 
i(t) E c, for every t E J,. (3.11) 
Taking into account the continuity of t + F( t, x(t)) at r E J2 we may sup- 
pose, without loss of generality, that 
9 
Wl’(t, x(t)), F(T, x(z))) <- 4 
for every t E J,. (3.12) 
Let UE C, be any. Then, in view of (3.9) (with t=r), (3.12) and (3.10) we 
have for every t E J2 
for lIzi, - u/I < 8/4. As u E C,, is arbitrary, 
@(C;,,, J-(4 x(z)) > t for every t E J,. (3.13) 
Moreover, (3.11) and (3.8) imply 
for every t E J,. (3.14) 
Since C,, is open and Q(t, x(t)) convex with nonempty interior, it follows 
that 
B(C, n Q(h x(t))) > 0 for every t E J,. (3.15) 
By the last statement of Remark 2.1, taking into consideration (3.14), 
(3.13) and (3.15) we have d,,, (i(t), F(& x(t))) > 0 whatever be t E J,, thus 
Hence x $ eV,,, for some s E N, a contradiction since x E a*. Therefore (3.7) 
holds true. Then by (3.7) it follows that Y’,, is a residual set in V. As V is a 
complete metric space VF is dense in “V and, a fortiori, VF# a. This com- 
pletes the proof. 
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4. SOME AUXILIARY RESULTS 
In this section we establish some properties of the functions yC, d, 
(defined by (2.1) (2.2) respectively) that we shall use later. 
PROPOSITION 4.1. Let C be an open ball in E. Let XE 3?(E) and let 
UE~BX. Then, ifCniZXZ(21, 
uEA(CnWX)+(l-A)WX, where 2 = y&u, X). (4.1) 
Moreover. 
uEp(CnnWX)+(l -p)WX foreveryp,O<pLl. (4.2) 
ProojI Let 1> 0 (if A= 0 there is nothing to prove). From the definition 
of y&u, X), there is a sequence {A,,}, with 0 <I, < I, converging to A such 
that uEA,(CnEX)+(l--&)WX, nEN. On letting n-t +cc we obtain 
u E l(Cn W X) + (1 -A)i3 X, where the latter set is closed because 
Cn W X and i%i X are bounded closed convex sets contained in the 
reflexive Banach space E. Hence (4.1) is proved. The statement (4.2) 
follows from (4.1) for, whatever be p, 0 < p < A, we have A( I? n W X) + 
(~-~)C~XC~(~~E~X)+(~-~)~X. This completes the proof. 
PROPOSITION 4.2. Let C be an open ball in E. Let XE x(E). For each 
i = 1, 2,..., nletuiEmXandti>O, witht,+t,+...+t,=l. Then 
Proof: Suppose Cn W X # 0 (the case CniZ X = 0 is trivial). By 
Proposition 4.1, for each i = 1, 2,..., n we have ui E Ai( c n CC5 X) + 
(1 - Ai) W X, where Ai = yc(ui, X), and hence 
8, ‘i’i’($, 1 1) t.ll. (CnCGX)+(l-$, tiAi)iY3X. 
AS C;= 1 t,& < 1, Definition 2.1 implies 
This completes the proof. 
It is routine to prove the following: 
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LEMMA 4.1. Let {U,,} and {Vn) b e sequences of nonempty bounded 
closed convex sets CT,, V, c E such that h( U,,, I/) --+ 0 and h( V,, V) -+ 0, 
where U, V c E are nonempty bounded closed convex. For each n E N, sup- 
pose that U, A V,, # @ and denote by (z,, } any sequence such that 
z,, E U,, n V,, (n E N). Then a subsequence of (z,,} converges weakly to some 
z E U n V. In particular, U n V # 0. 
PROPOSITION 4.3. Let C be an open ball in E. Let X0 E xX(E) and let 
u,, em X0. Then ,for every E > 0 there exists 6 > 0 such that 
for each X~3tr(E) and UE~X satisfying h(X, X,)<6 and llu-uO/I ~6. 
Proof Suppose yc(u,, X0) < 1 (the case y&u,, X0) = 1 is trivial). If the 
statement of the proposition is not true, there exist an E, 0 <E < 1 - 
yc(u,, X0), and two sequences {X,3 c%“(E)and {u,,)cE, withu,EmX,, 
such that h(X,, X0) -+ 0, u,, + uO, and 
for every n E N. (4.3 1 
In particular yc(u,, X,) > 0, which implies c n Co X, # 0 for each n E N. 
Hence, by Lemma 4.1, c n Co X,, # 0. Put ,?,, = y&u,, X0). Taking into 
account (4.3) and the second statement of Proposition 4.1, we have 
u,,E(&+E)(CniZYX,)+(l -II,-a)mX,, and so, for some x,~CnmX, 
and y,, E W X,,, 
U,,=(I”()+E)X,I+(l -A,-E)yn for every n E N. (4.4) 
Passing to subsequences (without change of notations) we can suppose 
that x,,+‘“x and y,+” y (x, GEE). By Lemma4.1, xECnWX, and 
y E Co X0. From (4.4) on taking weak limits of both sides, we obtain 
Consequently, y J uO, X,,) 3 A0 + E = yc( uO, X0) + a, a contradiction. This 
completes the proof. 
PROPOSITION 4.4. Let C be an open ball in E. Let X, E ,X(E). Then for 
every E > 0 there exists 6 > 0 such that 
~~(CnE5X)-/?(CniSX,)j de, (4.5) 
for each XE x(E) satisfying h(X, X0) < 6. 
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Proof: Let E > 0. Suppose /?( C n EY X0) = 0. We claim that h(X, X0) < E 
implies p( C n W X) < E. In the contrary case there exists an XE x(E), with 
h(X, X0) < E, such that /?( C n EY X) > E. Then, for some u E c n W X and a 
A with E<A.<j(CnCEX) we have u+lScCnCEX and so, 
u+ ASc Cn (EX,+sS). Clearly u+ (A-s)Sc C. On the other hand 
u+(A-s)S+sScmXO+sS implies u+(I-&)ScWXO. Therefore 
u+(A--e)ScCnWX, and hence /?(CniZXo)>A-c>O, a contradic- 
tion. Thus the claim is proved. 
Suppose j(C n EG X0) > 0. In this case C n W X0 has a nonempty 
interior, and so there exists a>0 such that, for each XE~(E) with 
h(X, X,,) < 0, the set C n W X has a nonempty interior. Then, by [7, 
Proposition 2.31, there exists 6 > 0 (6 <a) such that, for every XE x(E) 
with h(X, X0) ~6, we have h(CnE5 X, Cni% X0) < ~/2. Using this 
inequality it is routine to obtain (4.5). This completes the proof. 
PROPOSITION 4.5. Let C be an open ball in E. Let X, E x(E) and let 
u0 E m X0. Then for every E > 0 there exists 6 > 0 such that 
for each XE S(E) and u E= X satisfying h(X, X0) < 6 and IIu - uOll < 6. 
Proof: The statement is an immediate consequence of Proposi- 
tions 4.3,4.4, and the continuity of the function X+ a(C, X), XE 3?(E). 
PROPOSITION 4.6. (a,) Let C be an open ball in E. Then for each 
X0, X E ,X(E), with Co X0 c Co X, and each u E Co X,, we have 
fi(CnCGX,)~y,(u, Xo)<j3(CnE5X)~yC.(u, X). (4.6) 
(aJ Let C be an open ball in E, Let X0 E x(E) and let U,EW A’,,. 
Then for every E > 0 there exists 6 > 0 such that 
d,(u,, X) > dctu,, xc,) - 8, 
for each X E x(E) satisfying m X 1 W X, and h( X, X0) < 6. 
Proof: (a, ) Suppose C n W X,, # 0 (otherwise there is nothing to 
prove). Put A = yc(u, X0). By Proposition 4.1, u E A(C n CG X0) + 
(l-A)EX,,and hence uEA(CnWX)+(l-I)WX, beingWX,cEX. 
Therefore yc(u, X) > A. Combining the latter inequality with j?( c n W X) 2 
p( c n Zi X0) one obtains (4.6). 
(a*) This is an immediate consequence of (a,) and the continuity of the 
function X + M( C, X), X E ,X(E). 
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LEMMA 4.2. Let A he a nonempty closed convex subset of E. Let X be a 
closed subset of E, with Xc A, such that W X= A. Then exp A c X. 
Proof. Let a E exp A. There is then a continuous linear functional 
f: E + R such that f(x) <f(a) for every x E A, x # a. For each E > 0, set 
X,= {x~Xlf(a)-~<f(x)<f(a)). If X,=@ we have Xc (x~Elf(x)< 
f(a) - E}, thus A = E Xc {x E Elf(x) <f(a) - E}, from which a contradic- 
tion follows because aE A. Hence X, # @, for every E >O. Now take any 
sequence {xn} c X, with X,E Xi,,. Since (xn} c A, f(x,) +f(a), and a is 
strongly exposed point of A, we infer that x, -+ a. Evidently a E X, for X is 
closed. This completes the proof. 
PROPOSITION 4.7. Let C be an open ball in E. Let XE x.(E). Then 
expWXc{uEmXId,(u,X)=O}. (4.7) 
Moreover, exp m X is nonempty, and W exp iZG X = W X. 
Proof: Let u E exp Co X. Suppose, for a contradiction, d&u, X) > 0. 
Hence yc.(u, X) > 0 and, consequently, C n W X # @. Let p satisfy 
0 < p < yc(u, X). By the second statement of Proposition 4.1, we have 
u~p(CnWX)+(l--,u))WX, thus there exist v,ECnWXand v,E~X 
such that u = pv, + (1 -p)vz. Since u is an extreme point of W X and 
0 <p < 1, it follows that u = v2 = v, E C. On the other hand, by Lemma 4.2, 
we have exp i% Xc X, thus u E X. As u lies in both sets C and X, we have 
a(C, X) = 0. Hence d,(u, X) = 0, a contradiction, and (4.7) is proved. The 
last statement of the proposition follows from a theorem of Lindenstrauss 
[ 13, Theorem 43. 
5. CONTINUATION 
For given u:J-+E (JcR) and X:J+x(E), with u(t)~WX(t) (tEJ), 
consider the composite function t -+ d&u(t), X(t)), t E J. A few properties of 
this function, that we shall use later, are proved in this section. 
LEMMA 5.1. Let J be a measurable set, with m(J) < +co. Suppose that 
u: J + E is measurable, X: J -+ Z(E) is continuous and bounded on J, and 
u(t) E i3 X(t) for a.a. t E J. Let C be an open ball in E. Then the function 
t + d,(u(t), X(t)) is measurable and (essentially) bounded on J, and so it is 
also integrable on J. 
Proof. By Vitali and Lusin’s theorem, there exists a sequence of com- 
DIFFERENTIAL INCLUSIONS IN BANACH SPACES 219 
pact pairwise disjoint sets J,, c J, with m(J\U, J,) =O, such that, if we 
denote by U, and X,, the restrictions of u and X to J,, then each U, is con- 
tinuous on J, and u,(t) E W X,(t), for every t E J,. Let to E J, and take any 
E > 0. By Proposition 4.5 and the continuity of u,, and X, at t,, there exists 
6 > 0 such that 
for every t E J, satisfying 1 t - t,l < 6. Hence the function t + d,(u,(t). X,(t)) 
is upper semicontinuous on J,, and so it is measurable. This implies that 
also the function t + d,(u(t), X(t)) is measurable on J. By using the 
inequality (2.3) one has that this function is (essentially) bounded on J 
and, therefore, also integrable. This completes the proof. 
PROPOSITION 5.1. Let I be a compact nondegenerate interval. Suppose 
u: I -+ E measurable, X: I-+ X(E) continuous, and u(t) E W X(t) for a.a. 
t E I. Let C be an open ball in E. Then for every E > 0 there exists an q,, > 0 
such that for each q, 0 < q d qO, we have 
s dc(u(t), x(t) + qS) dt d d,(u(t), X(t)) dt + E. I s I 
Proof: We first prove the statement of the proposition under the 
hypotheses that u and X are continuous on Z, and u(t) em X(t) for every 
t E I. In fact, in the contrary case, there exist an E > 0 and a decreasing 
sequence iv,,}, 0 < 11, < 1, converging to zero, such that 
j” d,(u(t), x(t) + vns) dt > j &Au(t), x(t)) dt + E (n = 1, 2 ,... ). (5.1) 
I I 
Since, by Propositions 4.5 and 4.6(a,), 
lim h-(u(t), x(t) + rl,,W = &(u(t), x(t)) for every t E Z, n-b fin 
from (5.1) a contradiction follows by Lebesgue’s dominated convergence 
theorem. The general case can be easily reduced to the preceding one, by 
using Vitali and Lusin’s theorem. This completes the proof. 
6. PROOF OF THEOREM 3.1 (G& IS OPEN) 
Let the multifunction F satisfy assumptions (i) and (ii) of Section 3 (with 
E a reflexive separable real Banach space). Let C be an open ball in E and 
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let o>O. Our aim is to show that the set @C,,, defined by (3.6) is open in 
Y. To this end we prove, equivalently, that its complement 
is closed in V. To see this, let {x,,} c &So be any sequence converging to 
some x E 9’“. We want to prove that x E +2C,,. 
From assumption (ii), each 1, satisfies Ila,(t)ll CM for a.a. t E Z, thus 
{a,} is a bounded sequence in the Banach space L, [I, E] (with the usual 
norm). As L, [I, E] is reflexive a subsequence of (a,}, say {a,}, converges 
weakly to some w E L, [I, E]. By Mazur’s theorem, there is a sequence 
k=O 
A,,, 30, 2 A,,, = 1 
k=O 
(6.1) 
(r, nonnegative integer) which converges trongly to o in L, [I, E], hence 
also in L, [I, E]. It is routine to verify that 
s , x(t) = x0 +o(s) ds for every t E Z, 10 
thus i(t) = o(t) for a.a. t E I. Let us prove that x satisfies 
ij d,($~), F(t, x(t))) dt 3 u. (6.2) 
I 
Indeed, let E > 0 be given. By Proposition 5.1 there exists an ‘I, 
0 < q < s/(4M), such that 
j 444th F(h x(t))) df b j dc(f(t), F(t, x(t)) + qS) dt -; 111. (6.3) I I 
As F is continuous and the sequence {xn> converges to x uniformly on Z, 
one can easily show (using the Lebesgue covering lemma) that there exists 
an integer no E N such that 
W’(f, x,(t)), F(h x(t))) < v 
By virtue of (6.4) we have 
for every n > no, t E I. (6.4) 
2 An,kin+k(t)EE [F(t,x(t))++S] for every n>n,, and a.a. t~l. 
k=O 
(6.5) 
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Since the sequence (6.1) converges to .x? strongly in L, [I, E], a subsequence 
converges to .-? a.e. in I. Let us agree that this subsequence is still given by 
(6.1). Evidently we can suppose, without loss of generality, that all terms of 
the subsequence (6.1) have indices n 3 n,. Taking into account (6.5) and 
using Proposition 4.5, we have for a.a. t E I 
4(4t), F(t, x(t)) + rls) 2 lim sup 4 2 k.kk+k(t)r F(f, x(t)) + vlS 
n- +m ( k=O 
Hence, by Levi’s monotone convergence theorem, one easily obtains 
s &(f(f), F(tx(f)) + $3 dt I
In 
1 ~,,a,+,(t),F(t,X(t))+~S 
k=O 
(6.6) 
We claim that the function under the integral sign on the right-hand side 
of (6.6) satisfies 
k=O 
for every n > n, and a.a. t E I. (6.7) 
We postpone the lengthy proof of (6.7). Now, with the help of inequalities 
(6.6) and (6.7) we are ready to establish (6.2). 
In fact, from (6.7), we obtain 
2 &&+k(f), F(t, X(t)) + ffs 
k=O 
blim SUP 2 &,,k j/c&,+,(~). F(f, X,+k(t))) dt-2rlM 111 
“++oO k=O 
and so, by (6.6) 
j d&(t), J-(f, x(t)) + 0) dt 
I 
blim Sup 2 A,,,, j,&(&+,(t), Ftl, X,+k(t))) dt-%M 111. 
n--tfm k=O 
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Since all x, + k belong to @,,,-,, and 0 < r~ < s/(4M), we have 
5 I d,(i(t),F(t,x(t))+qS)dr> 0-i III. ( ) 
Using this inequality in (6.3), 
from which (6.2) follows, for E > 0 is arbitrary. Hence x E &-,, and so the 
set eC,, is closed in V. 
Proof of (6.7). Let n Z n, be any integer. By definition of dc, 
dc k!. LA + k (t), F(t, x(t)) + VS 
=cr(C,F(t,x(t))+v/S)~/?(~n~[F(t,x(t))+pS] 
k=O > 
(6.8) 
Observe that from (6.4) it follows that i’, + ,Jt) E Ei [F( t, x(t)) + qS] for 
k = 0, l,..., Y,, and a.a. t E I. Then from (6.8), using Proposition 4.2, we 
obtain 
dc 2 IZ,,,ki.n+k(c), F(t, x(t)) + VS 
k=O > 
3 2 i,,cr(C, F(t,x(t))+qS).B(CnZ [F(t,x(t))+vSl) 
k=O 
. ~ck+~Af), F(f, x(t)) + rls) for a.a. t E I. (6.9) 
On the other hand, Proposition 4.6(a,) and inequality (6.4) imply 
b(cn fZ CF(c X(t)) + 4’s]). Y&i-,+ ktr), F(t, x(f)) + ?s) 
>P(cnmFF(h X,+k(r))).Y,(~,+k(f), F(t, Xn+k(f))) for a.a. t E I. 
(6.10) 
Moreover, taking into account (6.4), we have h(F(t, x(t)) + +S, 
F(t, x,+k(t))) d h(F(4 x(f)), F(& ~,+~(t))) + II < 2% and so 
@c, F(t, X(f)) + rls) > a(c, F(& x,+k (t)))-2% t E I. (6.11) 
DIFFERENTIAL INCLUSIONS IN BANACH SPACES 223 
From (6.9), by virtue of (6.10) and (6.11), we have for a.a. t E I 
k=O 
3 i k,kdc&+k(f), F(t, X,+k(t))) 
k=O 
-21 2 nn,kb(cnaF(6 X,+k(t)))‘Y,(~,+k(?), F(t,x,+k(t))), 
k=O 
and hence 
4 2 ‘6z,kin+ktb), f-(t> x(t)) + “/s 
k=O 
> f ~,,,d,(-k+,(~), F(t, X,+k(t)))-2d& 
k=O 
because B(Cn~F(t,x,+k(r))).y,(~-,+k(t), I;(?, -%+k(t)))<M. As HanO 
is arbitrary, (6.7) is proved. The proof of Theorem 3.1 is complete. 
7. PROOF OF THEOREM 3.2 (ec., Is DENSE) 
Let the multifunction F satisfy hypotheses (i) and (ii) of Section 3 (with 
E a reflexive separable real Banach space). Let C be an open ball in E and 
let (T > 0. We want to show that the set 
is dense in V. To this end, let X E Y” and let E > 0. By definition of V” there 
exists a y E 9; such that 11 y(t) - x(t)11 < s/2, for every t E I. We shall prove 
that there exists an XE%~.~ satisfying 
b(f) - JJ(t)ll d 0 for every t E I. (7.2) 
Therefore, /lx(t) - Z(t)11 Q E for every t E I and thus, since X E Y” and E > 0 
are arbitrary, the density of 4$, in V is established. 
Now let us prove the existence of an x E 4&, satisfying (7.2). Observe 
that y is a polygonal solution of the differential inclusion 
icint Q(t, x), where Q(t, x)=W F(t, x), (7.3) 
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with y(t,) =x,,. By definition of polygonal solution, there exists a coun- 
table family {I,} of nonempty pairwise disjoint open intervals Z, c Z, with 
m(Z\lJy I,) =O, such that y has constant derivative on each Z, and, 
moreover, y satisfies (7.3) for each t E U, Z,. Any such family {Z,] will be 
called, for short, a countable family associated to J’E 9;. 
For each Z, and each T E I,, we shall construct an infinite family of 
polygonal solutions of (7.3), defined on closed symmetric intervals centered 
at t, of arbitrarily small length, satisfying the properties stated in 
Lemma 7.1 below. 
LEMMA 7.1. Let y E V0 and let E > 0. Let z be in an interval I, from a 
countable family {Z,} associated to y. Then, for every ,a,, > 0, there exists a 
P, O<P<PO? such that on the closed interval J= [s-p, z + p] c I, is 
defined a polygonal solution z: J -+ E of (7.3) satisfying the following proper- 
ties: 
(a,) z(T~P)=Y(T+P)~ 
(a2) Ilz(t)- y(t)11 <@for eoery teJ, 
(a3) lJ d&i(t), F(t, z(t))) dt <o IJI, where C is an open ball in E, and 
0 is the constant which appears in (7.1). 
The proof of Lemma 7.1 is postponed. Now, with the help of Lemma 7.1, 
we are ready to complete the proof of Theorem 3.2. 
Indeed, by Lemma 7.1, for each r E Z, there exists an infinite family 
~J&L.aw of nondegenerate closed intervals J:,, = [r - p, T + p] c Z,, 
containing members of length arbitrarily small, and there exists a family 
&Alt.m of polygonal solutions z&: J;,+ + E of (7.3), satisfying the 
properties (a,), (a,), and (a3) of Lemma 7.1 (with z;,~ and J&, in the place 
of z and J, respectively). As the family Y4 = {J:,,, 1 T E I,, p E <a(r)} is a 
Vitali covering of I,, by Vitali’s theorem there exists a countable subfamily 
9 c 94 consisting of pairwise disjoint intervals J;+, c F4 (j = 1, 2,...) such 
that m(Z,\U, J;,,JI,) = 0. By repeating this procedure for any interval belong- 
ing to the countable family (I,} we obtain the family 
Y= {J;+lq= 1, 2 ,... ;j= 1, 2 ,... }. 
As 9 is countable, by relabeling its members we write more simply 
Y= {J,,,,,li=l,2 ,... }. 
Observe that 59 is a countable family of nondegenerate pairwise disjoint 
closed intervals such that 
-(‘!u ,,,,>=o. 
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Denote by z,,.,,: J,,,,, + E the corresponding polygonal solution of (7.3), 
defined on Jr,,pr, and satisfying the properties (a,), (az) and (a3) of 
Lemma 7.1 (with z = z,,,~, , r = 7i, p = pLi, and J= J,,,,). Define, for every 
t E I, 
s , o(t) = 1iw,(t) x.&,(t)~x(t) =x0 + w(s) d .I 10 
It is routine to see that 
x(t) = z,,,,,(t) for every t E Jr,,lc,. 
As the intervals J,,,,, are countable, pairwise disjoint, and cover I up to a 
set of measure zero, it follows that x: I+ E is a polygonal solution of (7.3), 
with x(t,) =x0. Hence x E V. and, a fortiori, x E V. Similarly, since each 
7 Ar,,p, satisfies (a3) (with z = z,,.~, and J= Jr,,lil), one has 
I 4-(4t), F(t, x(t))) dt < c VI. I 
Therefore x E uz1,,, . The proof of (7.2) is analogous and is omitted. This 
completes the proof of Theorem 3.2. 
Proof of Lemma 7.1. Let y E V. and let E > 0. Let 7 be in an interval 
Z, = (q, , q2) from a countable family {I,} ( consisting of nonempty pairwise 
disjoint open intervals contained in I) which is associated to y. Let po, 
0 <p. < minjq, - 7, 7 -q,}, be arbitrary and set Jo = [7 - po, 7 + po]. On 
I, the function y has constant derivative, say W. Since WE int Q(7, y(7)), 
there exists an q > 0 such that 
Q(7, v(7)) = S(w, 211). (7.4) 
Choose any 13 satisfying 
O<0<min{o/(l+4M2), l}, (7.5) 
where 0 > 0 is the constant which appears in (7.1) and M > 1 is the con- 
stant introduced in the assumption (ii) on F. By the Lindenstrauss theorem 
(see Proposition 4.7), W exp Q(7, y(7)) = Q(7, y(t)), thus there exist points 
u;~exp Q(7, y(7)) such that 
11 i A,ui--w 11 <qO, where i ,I,=1,1,>0. (7.6) 
II ;=, II i= I 
By Proposition 4.7, we have dc(uj, F(7, y(7))) = 0. Then, by Proposi- 
tion 4.5, if one chooses 5 small enough (5 independent of i), one has that 
the points given by 
ui=(l -<)Ui+<wy 0 < 5 < 1, i= 1, 2 )...) n, (7.7) 
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satisfy 
dC(“i3 F(z3 .J+))Ji$, i = 1, 2 ,..., n. (7.8) 
Observe that, by virtue of (7.7) and (7.4), we have ui+ 2&S= (1 - &I, + 
5(w + 2~5) = (1 - 5) Q(T, Y(T)) + ~Q(T, Y(T)), thus 
Q(T, Y(T)) = S(ui, 2511, i = 1, 2 ,..., n. (7.9) 
From (7.4), (7.9) and the continuity of the multifunction Q, it follows that 
there exists 6, with 
0 < 6 < min{ s/2, pO}, (7.10) 
such that 
Q(t, xl = S(w, r) for every (t, x) E S((T, Y(T)), 61, (7.11) 
Q(t, X) 3 S(Uit 5~) forevery (t, x)ES((Z, y(s)), 6), i= 1, 2 ,..., n. (7.12) 
On the other hand, by virtue of Proposition 4.5, taking into consideration 
(7.8) (7.12), and the continuity of F, there is a 6 (which can be assumed, 
without loss of generality, equal to the one defined above) such that 
d,(ui, F(t, x)) <i for every (t, x) E S((r, y(z)), 6) i= 1,2 ,..., n. (7.13) 
Now we are ready to start the construction of a polygonal solution 
z: J + E of (7.3), defined on an interval Jc J,, and satisfying the properties 
(a,), (a,), and (a,) of Lemma 7.1. 
Define 
J=Cz-PL,~+Pl, where p = (1 + 0) &. (7.14) 
Observe that since 0 < 0 < 1 and M> 1 we have 0 <p < 6 and thus, by 
(7.10), Jc Jo. 
Consider the subdivision of J by points ti given by 
tO=T-,U, ticI?_ +Aid 
3M’ 
i = 1, 2 ,..., n. 
Here AI, AZ,..., A, are the constants which appear in (7.6), while A,, , = 8. 
Put Ti=[tjel,ti) (i=1,2 ,..., n), T,+l=[t,,t,+,]. Then define 
n+l 
w(t)= C uiXT,(t)9 t E J, (7.15) 
i= I 
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where the points ui (i= 1, 2,..., n) are given by (7.7), while 
(7.16) 
From (7.16), using (7.7) and (7.6), one easily finds that 
U”, I E S(w, VI. (7.17) 
Moreover, in view of (7.17), (7.1 l), and of the assumption (ii) on F one has 
that 
dc(u,+,, F( t, x)) < 4M2, for every (t, X)E S((r, y(r)), 6). (7.18) 
Define the function z: J-P E by 
z(f) = Y(T - P) + jr-, 4s) ds, t E J. (7.19) 
We are going to verify that this function is the desired polygonal solution 
of (7.3) satisfying the properties (a,), (a,), and (a3) of Lemma 7.1. 
We first prove that z is a polygonal solution of (7.3). Indeed, for each 
t E J, 
lb(t) - Y(T)ll G Ilz(t) - Y(T - 11111 + II Y(T -PL) - Y(T)ll < 2of+ PM= 3PM 
and hence llz(t)- y(r)11 < 6, because 3pA4<6 (see (7.14)). Further, 
I t - rI < 6. Consequently, 
for every t E J. (7.20) 
Now, denote by t an arbitrary point of J in which i(t) exists. By virtue of 
(7.20), (7.12) and (7.11) we have 
S(u,, r?)us(u,, 5?)U ... u sk, mu sh 49 c ec4 z(t)). (7.21) 
On the other hand (7.19) and (7.15) imply 
i(t) = 24i forsomei, l<idn+l. (7.22) 
In view of (7.22), (7.17) and (7.21) we obtain that i(t) E int Q(t, z(t)). From 
this and the definition of z, it follows that z is a polygonal solution of (7.3). 
It remains to show that z satisfies (a,), (a,), (a3). 
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(a,) By virtue of (7.19) (7.15), and (7.16) we have 
As IJI = 2p = ( 1 + 0)6/(3M) and, moreover, on J the derivative of y is iden- 
tically equal to u’, we can write 
47+P)=Y(T-P)+j, wdt=y(r-p)+J j(t)dt=y(r+p). 
J 
Clearly 47 - p) = 4’( 7 - p). Therefore z satisfies (a 1 ). 
(a2) Using (a,) one can easily show that I/z(t)- y(t)/1 <2pM (~EJ), 
from which (a*) follows, being 2pM < 6 and 6 < s/2 (see (7.10)). 
(a3) We first observe that, because of (7.20) (7.13), and (7.18), the 
function z satisfies both the inequalities 
dc(u,, Qt, z(f))) <; for every t EJ, i= 1, 2 ,..., n (7.23) 
dc(u,, + I> F(t, z(t))) < 4M2 for every t E J. (7.24) 
In view of (7.19), (7.15), (7.23), and (7.24), we have 
s d&(t), F(tz(t))) dr J 
-=c i ; IT;1 +4M2 lT,+,l. 
i= I 
But, since ITi1 =1;6/(3M), IT,,+,1 =06/(3M), ;I, +iz+ ... +I,,= 1 and, 
moreover, 8 satiskfies (7.5) we obtain 
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Since, by (7.14), &/(3M) <Q IJI it follows that 
I d&(t), Ftr, z(t))) dt < olJI, .I 
and so z satisfies also (a3). This completes the proof. 
Editor’s note. Dr. Phan van Chuong, who was aware of the results and techniques of the 
present paper of De Blasi and Pianigiani, has recently published an extension of their result in 
C. R. Acad. Sci. Paris 301 (1985), 399402. 
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